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1. INTRODUCTION. The subject of our research is multidimensional evolution
equation ‘
6(501', L2y Ty, t)

ot

+ Lu(zy, 2q, ...2p,t) = 0, (1)
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k=1
namely Polynomial Conservation Laws (P.C.L.) of (1), which are often used to prove
existence and uniqueness of the solution.

The similar problem for Korteweg - de Vries equation is treated in papers [3],[4].
This paper is an attempt to enrich methodology of searching P.C.L. in larger class of
equations. :

We treat this problem in the special class of operators. First we define this set and
several concepts associated with it. Then we present three theorems and as a demon-
stration of the method consider the simplest Conservation Law fo(z_' ;)3. linear equation.
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2. Definitions. Let set of operators 1’§1 ,u,-j];ll YO PN Py be W.

Let 51,85, € W. We will assume that S; ~ S, if 34, € Wi = T,n that

; ' i 3/4[
3 o AL 2
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We will call T' € W the density of (1) if there exists such X; € W, i = T,m that
OT[u] & O0Xi[u]
Tl 3)

we call (3) the Polynomial Conservation Law of (1).
N
It is easy to see that if Ty, 7%, ..y Iy are densities then 3 M7} is density also.
L
On W we define rank, Projector and Euler Operator as follows:

a)rank (ﬁ & ) =]m,zmjpi, ---,gpg[, (4)
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3. Theorems. Lel us prove one equivalence:
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Statement IIS €W, then § ~ 0 if and only if J(S) = 0.
Theorem 1. T is the denszty of( ) if and onlJ AT =10.
Necessity. :
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and as Euler operator is linear operator
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=, (X + Zi)

s iTE =Y =Ll ¢
s JEFYL ; & (9)
Due to statement J(J(T')L) = 0. 3 k
: UNGRE T - OZ %
Sufficiency. As J(J(T)L) =10, J(T)L = Z %—?— Due to (8) (d_f =3 S)L%—u
=1 el * =1 R

It is easy to see that if J(T') = 0 then 7' € W’ is density. Such densities we call
trivial densities.
Theorem 2.

Let
7l i
Z Z i Z Prjtlio, Myeadite. [ L) (10)
mo—-mo M= ml Mn=m}
rhg 7;1% w2
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If T is the density of (1) then Prj(|rig.my...ni,[,T) is the density of the the fol-
lowing equation:

du ‘ i
s + Prj(]nig. my. ..M, [, L)[u] = 0. where neat boundary condition takes place:
n71 <m;<ml, i< <md, i=0n
Z o[y = mi| + | — |) (|mm; = Ml| + [y = m?]) = (12)
2

: e g sl - ARD)

oy = {Ozf(m =qf; ) onime = y)
1 else ‘

Note that proof is based on one statement which says that if § ~ 0 then Prj(Jm,m;.

ma,....,m[,S ~ 0. We consider LJ(T') operator, group its terms by ranks and using

mentioned statement derive boundary condition (12).
Theorem 3.

Let L = Z wiLi, where rank L # rank L;if i # j, rank L; =la', i, db. ....a[:

Z NTi where rank T; = rank T, rank T; =]b. by, b. .. bﬂ{

In thew‘ conditions T is density if and only if it is the densily for each

d Py )
dlfl—}-/lL[u} 0. ‘=t I (13)
Necessity. :
A = =0, =01 = T.n, so each (o', d}. b, ....a!) is the solution of (12).
Due to theowm T is the density of (13).
Sufficiency.

Due to (13)

n gX! i M
S s s ( L sevd ()b = Z —0— ZX’J and due to Theorem 1 1" is the
; i=1 C)tl'_,' =1 ():l‘,’ i ¥

density of (1).
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4. DEMONSTRATION OF THE METHOD. Let us consider next operator

, P * Q% (14]
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it s trivial density if p and ¢ have not the same evenness.
Let us find when (14) is a nontrivial density of next linear equation:
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So (14) is a nontrivial density if and only if ls ocld and p and ¢ have the same
evelliess.

Now let us consider the following linear evolution equation:
du M d" ‘ L
%'}'Zﬂi‘ e o =O (l))
LR =T R T
If (14) is the density of (15) then due to Theorem 3 it must be the density of
following equations also:

LB Gt i esiprmipel DD Snowss (16)

ot are 'Urz aln

so we have the next A

Result. (14) is the nontrivial density of linear equation (16) if and only if each
is odd and p + ¢ is even. So each

i=1 Ol f)z 02br P! ()z oDl

is the density of (16) if each 7 is ocdd.

As we see, using theorems 1.2,3 we simply derive results for linear equations, but
real power of these theorems could be demonstrated on nonlinear equations. but it is
out of scope of this paper.
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